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Abstract
How the time evolution which is typical for classical cosmology emerges from quantum cosmology? The
answer is not trivial because the Wheeler-DeWitt equation is time independent. A framework associating
the quantum Hamilton-Jacobi to the minisuperspace cosmological models has been introduced in [1]. In
this paper we show that time dependence and quantum-classical correspondence both arise naturally in
the quantum Hamilton-Jacobi formalism of quantum mechanics, applied to quantum cosmology. We study
the quantum Hamilton-Jacobi cosmology of spatially flat homogeneous and isotropic early universe whose
matter content is a perfect fluid. The classical cosmology emerge around one Planck time where its linear
size is around a few millimeter, without needing any classical inflationary phase afterwards to make it grow
to its present size.
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1 Introduction
In canonical quantum cosmology, the wave function of universe is obtained from the Wheeler-DeWitt (WDW)
equation which is time independent and consequently we have no quantum dynamics. In this direction, the
Copenhagen interpretation of quantum cosmology has some serious conceptual problems: The impossibility of
a clear division of the whole universe into the observer and the observed makes difficult to have a perspicuous
physical interpretation for the wave function. Consequently there cannot be any “wave function collapse”
as in standard quantum mechanics. Moreover, assuming the existence of only one observable universe, the
interpretation of the absolute square of the wave function as a probability density is impossible. To find a
solution to the above mentioned problems the straight and direct way could be the de Broglie-Bohm (dBB)
interpretation of quantum cosmology. The dBB interpretation is favorable, especially for a quantum theory
of cosmology, because this interpretation is able to resolve the conceptual problems of quantum cosmology
[2]. However, we have a problem in using of this interpretation in quantum cosmology: It cannot describe the
trajectories and non-zero velocities for real wave functions of quantum cosmology.
In recent years, the Quantum Hamilton-Jacobi (QHJ) formulation of quantum mechanics has been de-
veloped as a new alternative interpretation of quantum mechanics [3] which was developed by Leacock and
Padgett [4] and independently by Gozzi [5]. One of the advantages of this formalism, which follows classical
mechanics closely, is that it does not face the problem of stationarity (zero velocity) of particles in bound states,
encountered in the dBB representation [6]. The QHJ formulation can be introduced as follows. We employ
Ψ = eiS(q
µ), where S and qµ ∈ C, in the corresponding wave equation of the quantum system to obtain a
single QHJ equation [3]. Since the action function S is complex valued the position and conjugate momentum
of particles are also complex valued. This formalism has been used to obtain the energy eigenvalues for many
one-dimensional bound state problems and separable problems in higher dimensions for solvable potentials [7].
Besides the determination of energy eigenvalues, this formalism has been used to obtain quantum trajectories
in complex space. On the contrary to dBB formalism, the complex quantum trajectory of a particle can be
obtained in the quantum Hamilton-Jacobi formalism for both stationary and non-stationary states through the
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QHJ equation and the quantum momentum function, which is analytically extended to complex space. John
[6] has applied this formalism to several simple analytical examples for time dependent and time independent
problems. In addition, for stationary states, complex quantum trajectories satisfying the complex-valued QHJ
equation have been analytically studied for the free particle, the potential step, the potential barrier, the har-
monic potential and the hydrogen atom [8]. In this description [3], the transition from a quantum regime to
the corresponding classical world occurs for large values of position and the quantum numbers of system [9],
where the quantum force disappears and the particles motion is entirely governed by the classical equation of
motion.
Recently, in [1] the QHJ formulation of quantum cosmology is developed. The authors obtained the state
dependent quantum cosmological solutions with complex trajectories in the complex minisuperspace. Then
it was shown that for large values of the scale factor and quantum state number n the model emerges into a
classical cosmology without the horizon and flatness problems.
In this paper we will investigate the quantum cosmology of a simple flat FLRW universe filled with a
perfect fluid in the QHJ framework. In section II, we describe briefly the QHJ interpretation of quantum cos-
mology of minisuperspace models. We obtain the cosmological solutions with complex trajectories in complex
minisuperspace and the quantum-classical correspondence in section III. Finally, in Section IV, we make our
conclusions.
2 Quantum Hamilton-Jacobi interpretation of minisuperspace quan-
tum cosmology
In this section we will review briefly the minisuperspace quantum cosmological models in the framework of
QHJ developed by Fathi, Jalalzadeh and Moniz in [1]. Let us start with the line element of spacetime which
is given by
ds2 = −N2(t)dt2 + hijdxidxj , i, j = 1, 2, 3, (1)
where the 3-metric hij is restricted to be homogeneous. Then the assumption of homogeneity of matter fields
leads us to the following Lagrangian of Einstein-Hilbert plus the matter fields
L = 12N fαβ(qµ)q˙αq˙β −NU(qµ) (2)
where α, β = 0, 1, .., n − 1, fαβ is the metric of n-dimensional minisuperspace with signature (−,+, ...,+),
qα denotes the local coordinates of minisuperspace and U(qµ) is the particularization of −√hR(3)(hij) +
V (Matter fields). The canonical momenta conjugate to the coordinate qα is
Πα =
∂L
∂q˙α
=
1
N
fαβ q˙
α. (3)
Hence, the canonical Hamiltonian will be
Hc = Παq˙
α − L = N
[
1
2
fαβΠαΠβ + U(q
µ)
]
. (4)
The gauge freedom in choosing the lapse function, N , leads us to the super-Hamiltonian constraint
H = 1
2
fαβΠαΠβ + U(q
µ) ≈ 0. (5)
The canonical quantization of super-Hamiltonian (5) is accomplished in coordinate representation, qα =
qα, Πα = −i∂α, and demanding the annihilation of time independent wave function by Hermitian super-
Hamiltonian
H(qα,−i∂β)Ψ(qµ) = 0. (6)
The WDW equation (6) is independent of an external time parameter and consequently there is no preferred
evolution parameter.
Let us now review the minisuperspace quantum cosmology in the context of QHJ formalism developed in
[1]. The complex-valued QHJ equation is readily obtained by substituting the polar form of the complex-valued
wave function [3]
Ψ(qµ) = eiS(q
µ), qµ and S(qµ) ∈ C, (7)
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into the WDW equation (6). Note that the action function, S, and the coordinates of minisuperspace, qµ, are
analytically extended to the complex values. Substituting (7) into the WDW equation (6) gives us a single
QHJ equation
1
2
fαβ∇αS∇βS + U(qµ) +Q(qµ) = 0. (8)
In the earlier equation Q denotes the complex quantum potential defined by
Q =
1
2i
S = −1
2
(
Ψ
Ψ
− fαβ∇αΨ∇βΨ
Ψ2
)
, (9)
where  = fαβ∇α∇β is the D’Alembert operator. Note that there is no expansion in powers of ~ in the
derivation and Eq.(8) is exact. The QHJ applied to quantum cosmology states that the quantum trajectories
are complex where these observable independent trajectories are given by QHJ equation (8). The guidance
equation, in analogy to standard Bohmian mechanics is given by [1, 3, 4]
Πα = ∇αS, Πα ∈ C, (10)
where the complex quantum moment, Πα, is related to the velocity field by [1]
Πα =
1
N
fαβ q˙
β , N ∈ R. (11)
Furthermore, Eqs.(8) and (10) give us the complex quantum super-Hamiltonian constraint
H = 1
2
fαβΠαΠβ +
1
2i
fαβ∇αΠβ + U = 0, (12)
which is a Riccati-type PDE. To obtain complex quantum trajectories we need to solve the earlier partial
differential equation. Also, the invariance of wave function (7) with respect to adding to the action function
by an integer multiple of 2pi and the definition of momenta in (10) gives∮
C
Παdq
α = 2npi, n = 1, 2, 3, ..., (13)
where C is a counter clockwise contour in the complex configuration space, enclosing the real line between
the classical turning points. The last equation represents the compatibility of the QHJ equation (12) and the
WDW equation (6). Even though this approach appears similar to the familiar WKB scheme, it is worth
pointing out that Eq.(13) reproduces the exact quantized energy eigenvalues [10].
Let us now apply the above formalism of quantum cosmology, as an example, to the flat FLRW minisuper-
space model with perfect fluid as the matter field. In principle, due to the quantum nature of the model, the
matter content should be described by some sorts of fundamental fields, as done in [11]. However, general exact
solutions are hard to find at the presence of fundamental fields and the Hilbert space structure is obscure and
it is a subtle matter to recover the notion of a semiclassical time [11, 12]. It is clear that using perfect fluid is
essentially semiclassical from the start. But it has the advantage of introducing a variable, connected with the
matter degrees of freedom which can naturally be identified with time, leading to a well-defined Hilbert space
structure [13]. Another attractive feature of the phenomenological description of matter degree of freedom is
that it allows us to treat the barotropic equation of state.
3 QHJ cosmology with perfect fluid
Let us consider now the Robertson-Walker spatially flat metric
ds2 = −N2(t)dt2 + a2(t)(dx2 + dy2 + dz2). (14)
The action functional corresponding to the model consists of a gravitational part and a matter part (which is
considered as a perfect fluid) is given by [14]
A = 1
16piG
∫
R
√−gd4x−
∫
ρ
√−gd4x, (15)
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where ρ =
∑
ρi is the total energy density of fluid with components ρi. To obtain the correct dynamical
equations from a variation of above action functional, it is necessary to require the current vector of the fluid
to be covariantly conserved. For a noninteracting perfect fluid components, with barotropic equation of state
pi = ωiρi, the covariant conservation of current vector field gives ρi = ρ0i(
a
a0
)−3(1+ωi), where ωi denotes the
equation of state parameter of the i-th component of fluid and the subscript zero represents the values at the
measuring time epoch. To simplify the action functional we define a new dimensionless time coordinate by
η = H0t, where H0 is the Hubble parameter in the comoving frame. Also, we define a dimensionless scale
factor as x = a
a0
and rewrite the energy densities in terms of the cosmological density parameters Ωi =
8piG
3H20
ρ0i
at the measurement epoch. A straightforward calculation shows that the Lagrangian of the model, up to a
multiplicative constant
3V3H0a
3
0
4piG where V3 is the spacial volume of 3-metric, will be
L = −1
2
( x˙2
N˜
+ N˜
∑
i
Ωix
1−3ωi
)
, (16)
where we defined the lapse function in the conformal frame as N˜ = N
x
and overdot denotes differentiation
respect to η. The conjugate momenta to the dimensionless scale factor, x, and the lapse function, N˜ , are given
by
Πx =
∂L
∂x˙
= − x˙
N˜
, ΠN˜ =
∂L
∂ ˙˜N
= 0. (17)
The canonical Hamiltonian turns out to be
Hc = N˜
(
−Π
2
x
2
+
1
2
∑
i
Ωix
1−3ωi
)
. (18)
The gauge freedom on choosing the lapse function gives us the super-Hamiltonian constraint
H = −Π
2
x
2
+
1
2
∑
i
Ωix
1−3ωi ≈ 0. (19)
Also, the classical field equation is
d
dη
(
x˙
N˜
)
− N˜
2
∑
i
(1− 3ωi)Ωix−3ωi = 0. (20)
At the quantum lever, the super-Hamiltonian (19) by promoting the canonical variables to operators gives the
corresponding WDW equation
d2Ψ(x)
dx2
+
∑
i
Ωix
1−3ωiΨ(x) = 0. (21)
3.1 QHJ cosmology with one component perfect fluid
Let us first consider a very simple model where the fluid has only one component. In this case, the classical
solution of field Eqs.(19) and (20) in gauge N˜ = 1 is given by
x =
(√
Ω
2
(3ω + 1)η
) 2
3ω+1
. (22)
The WDW equation (21) in this case will be reduce to
d2
dx2
Ψ(x) + Ωx1−3ωΨ(x) = 0. (23)
Note that the domain of definition of dimensionless scale factor is, x ∈ (0,∞), hence the super-Hamiltonian
operator, H, is defined on a dense domain D(H) = C∞0 (0,∞). Then, the super-Hamiltonian is Hermitian (or
symmetric) if the wave function satisfy the DeWitt boundary condition [15]
Ψ(0) = 0. (24)
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The solution of WDW equation (23) with boundary condition (24) is the Bessel function of the first kind
Ψ(x) = N√xJ 1
3(1−ω)
(
2
√
Ω
3(1− 3ω)x
3(1−ω)
2
)
. (25)
The wave function (25) is real and consequently in the Bohmian cosmology [2] the scale factor does not have
dynamics.
Let us investigate the QHJ formalism of example model. At the first step we need to extend the coordinate
x to the complex domain, x = xR + ixI ∈ C. Inserting the ansatz (7) into the WDW equation (23) gives the
complex-valued QHJ equation
−Π2x + i
dΠx
dx
+Ωx1−3ω = 0, (26)
with boundary condition (equivalent to the DeWitt boundary condition (24)) Πx(0) =∞. Now, instead of the
WDW equation (23) we deal with the complex quantum super-Hamiltonian constraint (26). The solution of
(26) is
Πx = i

J 4−3ω3(1−ω)
(
2
√
Ω
3(1−ω)x
3(1−ω)
2
)
J 1
3(1−ω)
(
2
√
Ω
3(1−ω)x
3(1−ω)
2
)√Ωx 1−3ω2 − 1
x

 , (27)
where the complex quantum momenta, Πx, is related to the velocity by equation (17) or equivalently
Πx = − 1
N˜
dx
dη
. (28)
However, an analytical treatment of (27) and (28) does not seem feasible. Therefore, we use the following
asymptotic forms of Bessel function of first kind for complex argument
Jν(z) =
{
1
Γ(ν+1)
(
z
2
)ν
, 0 < |z| ≪ √1 + ν,
1√
2piz
exp
(
i(z − νpi2 − pi4 )
)
, |z| ≫ 1. (29)
The approximate solution of Eqs.(27) and (28) in the gauge N˜ = 1 then will be

xR = −xI = √η, 0 < |x| ≪
√
4−3ω
3(1−ω) ,
xI = 0, xR =
(
(3ω+1)
√
Ω
2 η
) 2
3ω+1
, |x| ≫ 1.
(30)
These solutions show that at the very early universe the complex scale factor grows with the square root of
conformal time (like a stiff matter or massless scalar field) when the quantum effects are dominated. This
behavior is independent to the type of perfect fluid and the origin of stiff matter is quantization. On the other
hand, for large values of scale factor, |x| ≫ 1, the imaginary part of scale factor vanishes and we have a emerged
classical universe.
3.2 QHJ cosmology of a universe made of dust and radiation
As a second example let us consider a fluid of non interacting dust, ωd = 0, and radiation, ωr =
1
3 . The
classical solution of field Eqs.(19) and (20) is given by
x =
Ωd
4
η2 +
√
Ωrη, (31)
where Ωr and Ωr are the density parameters of dust and radiation, respectively. The WDW equation (21) for
this case is
d2
dx2
Ψ(x) + (Ωdx+Ωr)Ψ(x) = 0. (32)
The solution of equation (32) with boundary condition (24) is
Ψ(x) = NAi
(
−(Ωdx+Ωr)Ω−
2
3
d
)
, (33)
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where Ai(x) is the Airy function of first type and N denotes the normalization constant. Similar to the first
example, the real value wave function (33) implies that the Bohmian momenta vanishes and consequently the
Bohmian trajectories just sit at one place.
Let us investigate the QHJ of model. Similar to the previous example we extend the coordinate x to the
complex domain, x = xR + ixI ∈ C. Now, instead of the WDW equation (32) we deal with the complex
quantum super-Hamiltonian constraint (12), which is given by the following equation
−Π2x + i
dΠx
dx
+Ωdx+Ωr = 0, (34)
where the boundary condition, equivalent to the DeWitt boundary condition (24), is Πx(0) =∞. The solution
of this Riccati-type equation is
Πx = iΩ
1
3
d
Ai′(u)
Ai(u)
, (35)
where u = −(Ωdx+Ωr)Ω−
2
3
d , Ai
′(u) = dAi(u)
du
and the complex quantum momenta is related to the velocity by
equation (28). Using the DeWitt boundary condition in wave function (33), or equivalently Π(0) =∞ at (35)
we obtain, −ΩrΩ−
2
3
d = an, where an are the roots of Airy function. For large values of n the roots are given
by an = −
(
3pi
2 (n− 14 )
) 2
3 where n is a integer . This gives us the quantization condition for the ratio of density
parameters
ΩrΩ
− 23
d =
(
3pi
2
(n− 1
4
)
) 2
3
. (36)
An analytical treatment of equations (28) and (35) does not seem feasible and we use the following asymptotic
form of the Airy function of first type
Ai(u) =


dAi(ξ)
dξ
|ξ=anΩ
1
3
d x, |x| ≪ 1,
u−
1
4 exp (− 2i3 u
3
2 ), |x| ≫ 1,
(37)
where u = −(Ωdx+ Ωr)Ω−
2
3
d . Thus, the approximate solution of equations (28) and (35) in the gauge N˜ = 1
will be {
xR = xI =
√
η, |x| ≪ 1,
xI = 0, xR =
Ωd
4 η
2 +
√
Ωrη, |x| ≫ 1.
(38)
The above solution shows that in the very early universe, where the quantum effects are dominated, the scale
factor is complex and it grows as the scale factor of a universe filled with massless scalar field. On the other
hand, for large values of scale factor, the imaginary part of scale factor vanishes and the motion is entirely
classical. The solution for |x| ≫ 1 at measuring time η0 gives Ωd + Ωr = 1. Therefore, using this condition
and equation (36) we can obtain the density parameters of radiation and dust in terms of quantum number n.
For very large values of n we have {
Ωd ≃ 23pin , Ωr ≃ 1,
xR = η, xI = 0
(39)
Hence, the emerged universe is completely classical with real minisuperspace, radiation dominated and the
density of dust is lower by many orders of magnitude.
3.3 QHJ cosmology of a universe made of stiff matter and radiation
Finally, let us consider a fluid of non interacting stiff matter, ωs = 1, and radiation, ωr =
1
3 . The classical
solution of field equations (19) and (20) is
x2 = Ωrη
2 + 2
√
Ωsη, (40)
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where Ωs is the density parameter of stiff matter. The WDW equation (21) in this case will be reduce to
d2Ψ(x)
dx2
+
(
Ωr +Ωsx
−2)Ψ(x) = 0, (41)
where the solution assigned by the DeWitt boundary condition (24) is
Ψ(x) = N√xJ 1
2
√
1−4Ωs
(√
Ωrx
)
. (42)
To study the QHJ cosmology of model, we extend the coordinate x to the complex domain, x = xR + ixI ∈ C.
The complex quantum super-Hamiltonian constraint (12) will be
−Π2x + i
dΠx
dx
+Ωsx
−2 +Ωr = 0. (43)
The solution of (43) is
Πx = i
(√
ΩrJ1+ν
(√
Ωrx
)
Jν
(√
Ωrx
) − ν + 1
x
)
, (44)
where ν =
√
1−4Ωs
2 . Using asymptotic forms of the Bessel function defined in (29), Eq.(44) will reduce to
Πx =
{
− i(2ν+1)2x , 0 < |x| ≪
√
1 + ν,
−√Ωr, |x| ≫ 1.
(45)
Therefore, the asymptotic solution of (28) in the gauge N˜ = 1 is given by{
xR = xI =
√
1+2ν
2
√
η, |x| ≪ √1 + ν,
xI = 0, xR =
√
Ωrη, |x| ≫ 1.
(46)
Asymptotic form of the scale factor in (46) shows that, in the very early universe the scale factor is complex
and stiff matter dominated, similar to the previous couple of model examples. On the other hand, for late
times the classical radiation dominated universe emerges with a real scale factor.
Let us now examine the effect of factor ordering on the behaviour of model. The WDW equation (21) in
general factor ordering given by [16]
Π2x = −
1
2
(
xα∂xx
β∂xx
γ + xγ∂xx
β∂xx
α
)
, (47)
with, α+ β + γ = 0, will be
d2Ψ(x)
dx2
+
(
qx−2 +
∑
i
Ωix
1−3ωi
)
Ψ(x) = 0, (48)
where q = (α + γ + 2αγ)/2 denotes the ordering parameter. Also, the corresponding QHJ equation (12) will
be
−Π2x + i
dΠx
dx
+ qx−2 +
∑
i
Ωix
1−3ωi = 0. (49)
Hence, factor ordering only changes the density parameter of stiff matter defined in the WDW equation (41)
or equivalently in complex quantum super-Hamiltonian constraint (43) as Ω¯s = Ωs + q. But, in previous
examples it has been shown that the stiff matter content of universe is not contributed at the semi-classical
region. Therefore, the factor ordering is not contributed at the behaviour of emerged classical universe. Also,
in canonical quantum cosmology, it has also been stated that the factor ordering is not very important to the
theory as a whole [17], namely, from a semiclassical perspective [18].
Let us investigate the behavior of the model for very early universe. As illustrated in all above examples
the dimensionless scale factor for very early universe is proportional with the roots square of dimensionless
conformal time, xR ≃ √η. Using this relation on can easily show that the scale factor and Hubble parameter
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for all of the example early universes (when the quantum gravity effects are dominated) in comoving frame are
given by
a(t) ≃ a0 (H0t)
1
3 , H =
1
3t
, (50)
where t is the comoving time related to the η by dt = xR
H0
dη, a0 and H0 denote the scale factor and Hubble
parameter at the classical measuring epoch. Hence the value of scale factor and Hubble parameter at the
Planck time are given by
aP ≃ a0(H0tP) 13 , HP ≃ 1
tP
, (51)
where tP denotes the Planck time. Setting the measuring time as the GUT time, t0 = tGUT, also using the
values of the Hubble parameter and the scale factor at GUT time, HGUTtP ≃ 10−8, a0 = aGUT ≃ 2 cm, [19]
we obtain the linear size of universe at the Planck time
aP ≃ aGUT10−2 ≃ 1mm. (52)
In other words, for a scale factor smaller than ap (belove the Planck time) the quantum effects are domi-
nated and the scale factor is complex while for a ≥ aP the emerged universe is completely classical with real
minisuperspace.
In canonical quantum cosmology, it is generally believed that it is impossible to obtain a large classical
universe from quantum cosmology without an inflationary phase in the classical expanding era, because the
assumption is that the typical linear size of the universe after leaving the quantum regime should be around
the Planck length, and therefore, the decelerated classical expansion after quantum regime is not sufficient to
enlarge the universe in the time available. More precisely, suppose that the spacetime metric is the spatially
closed, homogeneous and isometric and the matter fields contribution to the WDW equation separate from the
gravitational contribution, like the conformal scalar field [20] or the Yang-Mills radiation field [21]. Then the
wave function of universe can be written
Ψn = ψn(a)φn(matter), (53)
where φn represents the matter part of the wave function and ψn represents the gravitational part which is the
n-th harmonic oscillator wave function. If we assume that linear size of the universe after leaving the quantum
regime is around the Planck length, both the matter field and the gravitational degree of freedom have small
quantum numbers since the two degrees of freedom are connected. Therefore, when the linear size of universe
is confined to about a Planck length both the matter field and the gravitational degree of freedom have small
quantum numbers. On the other hand, in order to get a Standard FRLW universe, enormously large excitation
quantum numbers are required (n ≃ 10120), which makes a quantum description irrelevant and at the same
time shows once more the unnaturalness of the conditions for the present universe as seen from the quantum
point of view [21]. On the contrary, as we showed in [1], in quantum Hamilton-Jacobi approach applied to
quantum cosmology with conformally coupled scalar field, the typical linear size of universe after leaving the
quantum regime is around a millimeter which is clearly consistence with large values of the quantum numbers
mentioned above. In this paper also we considered that the universe is spatially flat and consequently there
is not exist any discrete quantum number. However, equation (52) shows that at the end of quantum era the
linear size of universe is very large and consequently it is possible to have a sufficiently big universe emerged
from the quantum dominated universe, without needing any classical inflationary phase afterwards to make it
grow to its present size.
4 Conclusions
In this paper the quantum Hamilton-Jacobi cosmology of spatially flat homogeneous and isotropic early universe
has been studied whose matter content is the perfect fluid. The idea of exact classical-quantum correlation is
introduced in the sense that the WDW equation reduces to the quantum Hamilton-Jacobi equation in cosmology
under the substitution Ψ = exp(iS). The resulting model is free of problems of Copenhagen interpretation
of quantum cosmology such as collapsing of wave function, probabilistic interpretation of wave function and
time problem. We show that at the very early universe (back beyond one Planck time) we have an evolving
complex universe. On the other hand, the emerged universes around one Planck time are coincide with the
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corresponding original classical universes, without needing any classical inflationary phase afterwards to make
it grow to its present size. This paper follows the same procedure which was done in the previous paper [1],
by the authors. We are aware that our results are obtained within a very simple cosmological model. A wider
analysis, with less restrictive cosmologies and other matter fields, should follow. Using instead, e.g., a scalar
and Yang-Mills fields would be more generic and more realistic from the point of view of matter interaction
with the gravitational field in a high energy regime, where quantum effects can be expected. We believe
the above results offer an insight into the relation between classical and quantum cosmological models and
that the particular simple models that we have studied may serve as useful starting point for more ambitious
investigation.
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